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THE HEISENBERG PRODUCT: FROM HOPE ALGEBRAS AND 
SPECIES TO SYMMETRIC FUNCTIONS 

MARCELO AGUIAR, WALTER FERRER SANTOS, AND WALTER MOREIRA 


Abstract. Many related products and coproducts (e.g. Hadamard, Cauchy, Kro- 
necker, induction, internal, external, Solomon, composition, Malvenuto-Reutenauer, 
convolution, etc.) have been defined in the following objects : species, representations 
of the symmetric groups, symmetric functions, endomorphisms of graded connected 
Hopf algebras, permutations, non-commutative symmetric functions, quasi-symmetric 
functions, etc. With the purpose of simplifying and unifying this diversity we introduce 
yet, another -non graded- product the Heisenberg product^ that for the highest and low¬ 
est degrees produces the classical external and internal products (and their namesakes 
in different contexts). In order to define it, we start from the two opposite more general 
extremes: species in the “commutative context”, and endomorphisms of Hopf algebras 
in the “non-commutative” environment. Both specialize to the space of commutative 
symmetric functions where the definitions coincide. We also deal with the different 
coproducts that these objects carry -to which we add the Heisenberg coproduct for 
quasi-symmetric functions-, and study their Hopf algebra compatibility particularly 
for symmetric and non commutative symmetric functions. We obtain combinatorial 
formulas for the structure constants of the new product that extend, generalize and 
unify results due to Garsia, Remmel, Reutenauer and Solomon. In the space of quasi- 
symmetric functions, we describe explicitly the new operations in terms of alphabets. 
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1. Introduction 

1.1. General description of the paper. The diagram in Figure 1 displays the array of 
spaces we consider in this work and the table in Figure 2 displays the variety of products 
that had been therein dehned and given due consideration by many authors. 

In all these levels we dehne a new product, that we call the Heisenberg product that is 
not graded and that at the smallest and larger degrees produce respectively the internal 
and external products (or their namesakes as depicted in Figure 2). This is what we call 
the mterpolation property of the Heisenberg product. 
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The name we choose for the new product, comes from the one that it usually carries 
at the level of Hopf algebras. 


Species 


/ Garsia-Reutenauer \ , 
I endomorphisms J 


Endomorphisms 
} > I of graded Hopf 

algebras 


Schur-Weyl 

duality 


Non-commutative \ 
symmetric 
functions / 


Permutations J 



Grothendieck 


Representations of 

group 

Completion of 

the symmetric 

N., 

symmetric 


group 


functions 


Symmetric 

functions 


Quasi-symmetric 

functions 


Figure 1. Relation among the spaces where the Heisenberg structure is introduced. 

Observe that we divided the spaces into three groups, marked with different kinds 
of boxes in the diagram. In the first group, marked with square boxes, we start by 
constructing the Heisenberg product in the category of species -or equivalently of rep¬ 
resentations of the symmetric groups, and we translate it to the space of symmetric 
functions. We use the Grothendieck group functor and the Frobenius characteristic map 
to move from categories to symmetric functions. This work is covered in Sections 2 and 3. 
In the space of symmetric functions we give an explicit combinatorial formula for the 
Heisenberg product in the linear basis of the complete homogeneous symmetric functions. 
Later this formula will be the main tool used to relate the commutative with the non 
commutative environment in Section 8. We also find an explicit formula for the structure 
constants of the Heisenberg product in the basis of power sums. The existence of these 
simple formulae poses the problem of finding an explicit description for the structure 
constants on the basis of Schur functions. The answer would contain as extreme cases 
the Littlewood-Richardson rule and (a still unknown) rule for the Kronecker coefficients. 

In the second group, marked with oval boxes, we start by considering the Heisenberg 
product in the space of endomorphisms of a graded Hopf algebra in Section 4. This 
product is well known in the theory of Hopf algebras. In Section 6 we restrict it, via 
Schur-Weyl duality, to the vector space linearly generated by permutations, on one side, 
and on the other side to what we define as the space of descents (or Garsia-Reutenauer) 
endomorfisms of a Hopf algebra in Section 5. These two constructions are confluent when 
we restric both to the space of non-commutative symmetric functions in Section 7. More¬ 
over, in this Section we present two different proofs of the restriction of the Heisenberg 
product to the space of descents (non commutative symmetric functions) -and suggest 
two others, relating to work of Brown, Mahajan, Schocker and others-. The first proof 
follows along the line of results of Garsia and Reutenauer characterizing the descents via 
Schur-Weyl duality. In this perspective, the invariance of the space of descents within 
the space of permutations with respect to the Heisenberg product, becomes a result in 
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Hopf algebra theory. The second proof that has a combinatorial content, is based upon 
an explicit calculation of the Heisenberg product of elements of the cannonical basis Xq,, 
where a is a composition. By the interpolation property of the Heisenberg product, 
the combinatorial formula thus obtained, contains as special cases rules for the product 
in Solomon’s descent algebra and for the external product of two basis elements of S. 
One readily verihes that the former is precisely the well-known rule of Garsia, Rem- 
mel, Reutenauer, and Solomon, and the latter is just the usual formula for the external 
product of the basic elements of the space of descents. In that manner, the apparently 
disconnected combinatorial descriptions of two different products -the Solomon and the 
external product-, become connected by the introduction of the new Heisenberg product. 

The square boxes and the oval boxes have as common ground the bold square box 
that contains the space of symmetric functions. We show in Section 8 that via the 
usual projection of non-commutative symmetric functions onto symmetric functions the 
two dehnitions of Heisenberg product coincide in the latter space . This -together with 
the formal similarity of the constructions- justihes the use of the same name in both 
contexts. 

Moreover, the spaces of non-commutative and commutative symmetric functions carry 
a well-known coalgebra structure. We show that this structure is compatible with the 
Heisenberg product, producing in both cases related Hopf algebras. This appears in 
Section 9 and 10. 

Finally, the remaining vector space appearing in Table 1, is the space of quasi- 
symmetric functions, which is dual to the space of non-commutative symmetric functions. 
We construct by means of this duality, the Heisenberg coproduct in quasi-symmetric func¬ 
tions in Section 11. In this situation, this coproduct together with the usual product, 
endow the quasi-symmetric functions with a Hopf algebra structure. 

In the Appendix, we present the proofs of three technical lemmas, that in order to 
spare the reader of some nonessential distractions, were omitted in the places that the 
statements appeared. 

1.2. Terminology and general notations. In all the spaces we consider there are 
at least two well-known products. Although they are closely related by the inclusions, 
projections, and isomorphisms in Figure 1, mathematical developments have given them 
non consistent names in many cases. 

Figure 2 shows the more standardt nomenclature. 



Species 

Representations 

Symmetric 

functions 

Non- 

commutative 

symmetric 

functions 

Permutations 

Endomorphisms 
of graded Hopf 
algebras 

internal 

product 

Hadamard 

(X) 

Kronecker 

b) 

internal 

{*) 

Solomon 

(*) 

composition 

(o) 

composition 

(o) 

external 

product 

Cauchy 

(■) 

induction 

(■) 

external 

(■) 

external 

(•) 

Malvenuto- 

Reutenauer 

{*) 

convolution 

(a) 


Figure 2. Standard terminology and symbols for the products 

The new product we introduce in this article, will be called in all the different contexts, 
the Heisenberg product. 
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We work over a field of characteristic zero, that will be denoted as k. 

When dealing with results in Hopf algebra theory, we adopt the usual notations in the 
area as presented for example in [17]. We adopt Sweedler’s convention for the comulti- 
plication and write A(h) = X] ® ^2, moreover S in general will be the antipode. An 
element of the Hopf algebra is said to be primitive if A(h) = h®l + l®h. The space 
of primitive elements is denoted as Prim(i7). 

The group of the permutations of n elements will be denoted as Sn, [n] := {1, • • • , n} 
and a permutation a : [n] —?■ [n] frequently will be written in word format as: o‘(l), • • • , (T{n 
If (oi, • • • , a^) is a composition of n we write (ui, • • • , a^) |= n. If we allow some of 
the elements a* to be zero, we call it a weak composition or a pseudo composition. Two 
compositions with the same elements but in a different order are considered as different 
compositions but the same partition. 

For the basic notations and results in the theory of representations of symmetric groups 
we refer the reader to Zelevinski’s [22]. 

Part 1. The commutative context 

2. The Heisenberg product of species 

We introduce the notion of Heisenberg product oi two species, generalizing the ordinary 
Cauchy and Hadamard products. We follow the notation and terminology of [1] and [4]. 

Let Set^ be the category of hnite sets with bijections among them as morphisms. Let 
Vect or Vectjj be the category of vector spaces over a hxed held. 

Definition 2.1. The category of species, denoted as Sp, is the abelian category of 
functors from Set^ into Vect: Sp = Vect^®* -with abelian structure induced by that 
of Vect-. An object p : Set^ —)■ Vect of Sp is called a species. The elements of 
Sp(p, q) -i.e. the morphisms of Sp-, are the natural transformations between p and 

q. The evaluation of the species p over a set / is a vector space denoted as p[/], and 

for a bijection / the effect of the species p is denoted as p[/]. The image of the set 
[n] = {1, 2 ,..., n} is written, for simplicity, p[[n]] = p[u], and by convention p[0] = p[0]. 

For future reference we consider the following species: 

(1) The species one i: i[0] = k and i[/] = 0 for / 7^ 0, 

(2) The exponential species e: e[J] = k for I ^ tj). 

Definition 2.2. The Heisenberg product of species is the functor # : Sp x Sp -)■ Sp 
given by: 

(p#q)W= 0 p[si®9[ri- (1) 

I=SUT 

Given two hnite sets I and J, and a bijection / : J —)■ J, we obtain a bijection (S', T) i-A 
(/(S'), /(T)) between pairs (S', T) with / = S' U T, and pairs (S", T') with J = S" U T'. 
The map {pffq)[f] : (p#q)[/] —)■ {pffq){J), induced by the maps 

p[/is] q[/iT]: p[s] ^ q[2"] ^ p[*^'] G q[^'] 
dehnes p # q for arrows. Hence, p 7/ q G Sp. 

This dehnition involves in particular two special situations: the case of the Cauchy 
product and of the Hadamard product of species. 
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Indeed, consider the two “limit” situations in terms of the size of the intersection S'flT 
in the above sum: 


(p-q)W= 0 p[*^]®q[^]= 0 p[>^] «>q[2"], 

7=SUT 1=SUT 

0=SnT 

(pxq)[J]= 0 p[^]«)q[T] = p[J](8)q[J], 


/=SUT 

5nr=/ 

where the symbol S' U T stands for the disjoint union of S and T. 

Since we can write: 

(p#q)[^] = (p X q)[/] + 0 p[S] 0q[T] + (p-q)[/], 

I=SUT 

we say informally that the Heisenberg product “interpolates” between the Cauchy and 
the Hadamard products -p ■ q and p x q respectively-. 

The triples (Sp, •, i) and (Sp, x,e) endowed with the obvious associative constraint, 
are additive monoidal categories with i and e as unit objects. 

In the next theorem we present a generalization of this fact proving that (Sp, j^,\) is 
also monoidal and additive. 

Theorem 2.3. The functor : Sp x Sp —?■ Sp together with the natural associativity 
constraint and with the unit object \, endows the category Sp, with an additive monoidal 
structure. 

Proof. Let p, q, and r be three species. We prove that ((p # q) # r) [/] = (p #(q ff r)) [I] 
for all hnite sets I. 

We have 


((p#q)#r)l/]= 0 (p#q)|S| 0 r|T]= 0 0 pit/] ® qV] ® rlT|, (2) 

I=SUT I=SUTS=UUV 

(p#(q#r))[/]= 0 p[^']®(q#r)[r]= 0 0 p[^'] ® q[17'] ® q[W], (3) 


I=S'UT' 


I=S'UT' T'=U'UV' 


which implies that (2) and (3) coincide. From the dehnition (1) it is clear that p^i = 

i#p = p. □ 

In addition to the relation via interpolation of the Cauchy, Hadamard and Heisenberg 
products, they are also related by a natural isomorphism: 


(p-e) X (q -e) = (p#q) ■ e. 


(4) 


The required isomorphism (4) appears naturally when we evaluate each side on a hnite 
set I. We have: 


0 qis'l 


((p-e) X (q - e))|/] = ( 0 p|S| ® 

'^/=SUT ^ ^/=S'UT' 

((p#q)-e)!/] = 0 (p#q)[^] ®e[iC] = 0( 0 p[F](8)q[^'] 

I=jLiK 

and clearly both spaces are naturally isomorphic 


JCI ^J=SUS' 
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2.1. The Heisenberg product of representations of the symmetric group. The 

language of species and the more classical language of representations of the symmet¬ 
ric group are essentially the same -see for example [4]-. Using the equivalence of the 
categories, we translate the Heisenberg product to the category of representations. 

Therefore, we obtain an associative product at the level of the representations of the 
symmetric groups, which interpolates between the Kronecker and the induction product. 

Let Rep(S'n) be the category whose objects are hnite dimensional representations of 
Sn and whose morphisms are S'„-module homomorphisms. We consider the category 

R=nRep(:S„). (5) 

n>0 

Theorem 2.4 ([4]). The functor : Sp —)■ R given by 

•^(p) = (p[0],p[1],---,pM,...) 

is an equivalence of abelian categories. The action of the permutation group Sn in the 
space p[n] is given by a ■ x = p[(T](a;). 


Using the functor T we can express the Heisenberg product in terms of representations. 
The explicit construction uses the induction and restriction of representations to certain 
subgroups dehned as follows. 

Let p, q be non-negative integers. Given permutations a E Sp and r E Sq, let a x r E 
Sp^q be the permutation 


a{i) if 1 < 7 < P, 

T{i — p) + p ifp+l<i<p + q. 


( 6 ) 


This operation gives an embedding of Sp x Sq into Sp+q called the parabolic embedding. 

Let n be an integer satisfying max(p, g) < n < p + q. Dehne the set Sp Xn Sq = 
Sn-q X Sp+q_n X Sn-p, and cousider the embeddings 

SpXnSq^ Sn, {a, p, t) eE- a X p X T, (7) 

Sp Xn Sq ^ Sp X Sq, ((T, p, t) hE- {a X p, p X t) . (8) 


Definition 2.5. The Heisenberg product of representations is the functor ^ : Rx R —)■ R 
dehned for V E Rep(S'p) and W E Rep(S'g) as 

P+g 

0 (9) 

n=max(p,g) 


Let {y ff W)n denote the component of degree n in (9) and the top component, that 
is, when n = p + q. In this case, the embedding (8) is the identity and (7) is the standard 
parabolic embedding Sp x Sq ^ 'S'p+g. Then, we have that: 

which is the usual induction product of representations [8, 22]. 

On the other hand, when n = p = q, the embedding (7) is the identity and (8) is the 
diagonal embedding Sn ^ Sn x Sn- Therefore, 

{V#W)n = Res|;;^^"(UG)IU), 

which is the Kronecker product of representations [8, 22]. 
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The Heisenberg product contains terms of intermediate degrees between max(p, q) and 
p + q] in this sense it “interpolates” between the Kronecker and induction products. It is 
a remarkable fact that, as the Kronecker and induction products, the Heisenberg product 
is associative. 

Moreover, it can be lifted to other settings ( permutations, non-commutative sym¬ 
metric functions, and dually, quasi-symmetric functions) and for all the instances of our 
construction of the new product, these properties hold. 

The next theorem proves that the operation dehned in (9) is the translation of the 
Heisenberg product in species dehned in (1). Note that although the functor is an 
equivalence of categories, the language of species is considerably cleaner than the lan¬ 
guage of representations. The lengthy verihcations in Theorem 2.6 ilustrate this claim. 

Theorem 2.6. The Heisenberg product of representations endows R with an additive 
monoidal structure with unit objet the representation -denoted as i- that is k in degree 
zero and zero elsewhere. Moreover, the functor H given in Theorem 2.4 is monoidal, i.e. 

= i ( 10 ) 

for species p and q. 

Proof. It is enough to verify that the Heisenberg product of representations dehned by (9) 
satishes (10), since 4F is already an equivalence of categories and Sp is a tensor category 
with the Heisenberg product and with unit i. 

Fix i, j, and n, three non-negative integers such that ma.x{i,j) < n < i + j. We claim 
that we have an isomorphism in R: 

0 p[^] q[2"] = (pW (S) q[j]). (11) 

[n]=5UT 

#S=i 

#T=j 

Once this isomorphism is established, taking the direct sum over i and j, we obtain the 
n-th coordinate of J^(p 7 )! q) in the left hand side, and the n-th coordinate of the product 
J^(p) # J^(q) on R in the right hand side. 

The following fact can be proved easily. Let A and B be hnite totally ordered sets. 
Given decompositions A = Ai U ■■■ U An and B = Ri U • • • U Bn, with ff Ai = ffBi 
for i = l,...,n, there is only one bijection f : A ^ B such that /(A) = Bi and 
fi — /u '■ ^ Bi is increasing, for alH = 1,... ,n. We call / the canonical bijection 

between A and B induced by the partitions. 

To establish the isomorphism we consider the following dehnitions. Given S and T 
such that [n] = S' U T, let S" = S' \ T and T' = T \ S. li if S = i and jfT = j, then let 
fs,T ■ N M be the canonical bijection induced by the following partitions of [n]: 

S"u(S'nT)UT' and [n - j]U [n - j + l,i]U [i + l,n] 

and let fs', fsnr, and fx', be the restriction to the corresponding subsets. From the 
monotonicity conditions for fs^x, we get that belongs to S'i x„ Sj. 

We consider the standard identihcation of the induction module Ind^(l/) with the 
tensor product kG V- Let m G p[S] and v G q[T], and dehne the map 

p[S] ® q[T] A lnd%^s, Res|))f^.(p[i] (g) q[j]) 

fs,T ® (p[/s' LJ fsnxKu) G) q[/5nT U fx']{v)) 


■u G) T 


(12) 
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and extend it to the direct snni in (11). 

For a permutation a G S'„, the action of a in u 0 n is, according to Theorem 2.4, 

a - (n(g)n) = p[(T|s](n) ® q[cT|y](n). (13) 

Observe that a ■ (u x n) G p[cr(S')] ® q [<t(T)] . The application of the map V’ yields 

ii{a- {u® n)) = f^{s),a{T) ® {a{u) ® /3{v)) (14) 

where a = p[fa{S') U fa{S)na{T)]pW\s] and (3 = q[fa{s)na{T) U /<7(T')]q[<T|T]- Since we can 
decompose cr|g into U cr|g^j,, then by the functoriality of p we get that 

« = p[(/a(S')<T|s,) U (/a(Snr)Ci‘|snT)]- 

Let as' and 5'5nT be the only bijections such that the following diagrams commute 


S' \i] 


'"'s' 


“"s' ‘^IsnT 


•* 

7,5 B(s') 

" 

. fiT(SnT) . 


snr > [n-j + i,i]] 


<^SnT 


(15) 


We conclude that a can be rewritten as 

« = P[(5‘S' LI asnT){fs' U /sht)] = p[d 5 ' U dsnu] p[fs' U fsnr)], 

and we proceed similarly with (3. 

In accordance with (13) we deduce that: 

a{u) ® (3{v) = (ds/ U dsnr U drO • (p[/s' U fsnxW ® q[/snr U fT']{v)). 

Note that the permutation dg/ U d^nT U dr' clearly belongs to S'* x„ Sj. In equation (14), 
since the tensor product of with a{u) ® P{v) is performed with respect to this 

subgroup, we can move the permutation to the left factor where we get /“^^^.(ds/UdsnrU 
dr') = (T/gr- This equality results again from the diagrams (15). This is precisely the 
dehnition of the action of a on the image of the map 

The map is invertible, since for any element a ® {x ®y), we decompose a = ^{a x 
{3 X ■j), where a x /3 x 7 G Sn-j x Si+j-n x Sn-i = Si Xn Sj and ^ is increasing in the 
intervals [n — j], [n — j + 1,i], and [i + 1,n]. Dehne the disjoint sets 

^ = ^{[n-j]), B = ^{[n- j + l,i]), C = ^{[i + l,n]). 

Then, let S' = A U i? and T = B L\ C. It is straightforward to hnd u® v in p[S'] ® q[T] 
such that 'ijj{u®v) = a® {x®y). Similarly, this process applied to the image of -0 in (12) 
yields back u® v. □ 


2.2. The generating function of the Heisenberg product of two species. The 

generating function associated to a species p is the formal series 

Tp(a() = X/ pW —• 

n>0 

The generating series associated to the Cauchy product p • q of two species is the usual 
(Cauchy) product of the power series Fp and F^. Similarly, the generating series of p x q 
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is the Hadamard product of the generating series of p and q. Explicitly, if Fp{x) = 
J2n>o(^nX"-/n\ and Fq(x) = /n\, then 

^p q(^) = i^pxq(a;) = 

n>0 ^i+j=n h / / n>0 

The classical names for these operations among formal series justify the names for the 
Cauchy and Hadamard products of species. 


Theorem 2.7. 

q is 


The generating function of the Heisenberg product of two species p and 


Fp#q{x) = 


n>0 ^ iJ^TL 


n 


n — i,n — j,i + j — n 


X 


ciibj 1 ,, 


n\ 


where 


n 


n 


i,n-j,i+ j 


n 


n\ 


(n — i)\{n — j)\{i + j — n)\ 


Proof. In the dehnition of the Heisenberg product of two species -Definition (1)-, the 
pairs of sets (S', T) such that [n] = SUT, ^ S = i, and ffT = j, are in bijection with the 
decompositions [n] = U L\W L\V with ffU + ffW = i and jfW + jfV = j. Indeed, just 
take U = S\T, V = T\S, and W = S'PlT. Clearly, we obtain ffU = n — i, jfV = u —j, 
and ffW = i+j — n. The multinomial coefficient in the formula of Fp^q stands precisely 
for the number of possible ways to choose the decomposition U, V, W. □ 


3. The Heisenberg produgt of symmetrig fungtions 

3.1. Species, representations of symmetric groups and symmetric functions. 

In this subsection we recall some basic facts about the relations between species -viewed 
as such or as representations of the family of all symmetric groups- and the space of 
symmetric functions. 

Let K(S'„) be the Grothendieck group or representation group of the category of finite 
dimensional S'„-modules, and call X and X the groups: 

X = 0K(^J C X = nK(^n). 

7T.>0 n>0 

Consider the ring of polynomials k[a;i, • • • ,Xjf\ in n variables in which the symmetric 
group Sn acts by permuting the variables. Call the subring consisting of the homoge¬ 
neous polynomials of degree k which are invariant under the action of Sn- When m >n, 
proyects naturally onto via the homomorphism „ : A^ —)■ A^ which maps the 
hrst n variables to themselves, and the other variables to 0. The space A^ is dehned as 
the inverse limit of the system considered above. 

For A^ the space of symmetric functions of degree fc, define 

A = 0A^ C A = JJA^ 

k>0 k>0 

called the space of symmetric functions and its completion, respectively (see [14]). 
Observe that A and A are subspaces of k[a;i, 2 : 2 , • • • ] and k|a;i, X 2 , • • ■] respectively. 

We recall the following dehnition of special elements in A. 
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(1) The elementary symmetric functions are defined by the generating series: 

erixi, X2,--- K = JJ(1 + Xit), 

r>0 i>l 

(2) The complete homogeneous symmetric functions are defined by: 

hr{Xi,X2, = ]^(1 - Xit)~^, 

r>0 i>l 

(3) The power sums are defined by: 

'^Pr{xi,X2r--Y = -Xit)~^. 

r>0 i>l 

The above dehned functions are elements of k|a;i,a; 2 , • • ■], if we want to consider the 
corresponding elements in k[a;i, X 2 , • • • Xrf\ we simply set 0 = Xn+i = Xn +2 = • • • • 

These, can in turn be defined in terms of the monoidal symmetric functions. 

A partition -hnite or almost hnite- a = (oi, 02 , • • •) with oi > 02 > • • • > 0 determines 
a monomial x°‘ = x't^x^ • • ■. 

The monomial symmetric function associated to a and denoted as is 

{3: Q-wa} 

where a stands for a composition and the symbol a a means that the mentioned 
composition produces the given partition a by permutation of the entries. For example 

"^(21) = Y.i^jxixj. 

We have the following equalites: 

Elementary symmetric functions: Cr = where (!'’) is the partition of r formed only 
by I’s. 

Complete homogenous symmetric functions: hr = X]{a |o|=r}where the sum is taken 
over all the partitions of r. 

Power sums: Pr = rn(^r), where (r) is the partition (r, 0, 0 ■ ■ •). 

For an arbitrary partition a = (oi, 02 , • • •) we define: Cq, = CaiCaj ■■■, ha = ha^ha^ ■■■, 
Pa PaiPa 2 ' ' ' ■ 

When a runs over all partitions, the set of all functions form a Z-basis of A, and 
the same happens with the sets of the e^’s or the set of the hCs. The set of the paS 
form a Q-basis of Aq. 

The Frobenius characteristic map is the linear isomorphism 

ch . OC k ^ A, ch(ld^ j- ^ ^ Xv(^)Pcycle((T)) 

where 1/ is a representation of Sn, Xv hs character and Pcycie((T) is the power sum asso¬ 
ciated the partition of n defined by to the cycle-type of a. The map ch restricts to an 
isomorphisms of OC and A. See [14, Proposition 1.7.3] for proofs of the isomorphisms. 

The above result, yields another perspective regarding the complete homogeneous 
symmetric functions. 

Indeed, if a = (oi,..., a^) is a composition of n and 
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it can be viewed as a subgroup of Sn by iterating (6). These are the so called parabolic 
subgroups of Sn- Let i)a denote the permutation representation of Sn corresponding to 
the action by multiplication on the quotient Sn/Sa- The isomorphism class of i)a does 
not depend on the order of the parts of a, hence we will consider the representations 
for a running over the partitions of n. 

If we denote the trivial S'c-module by 1 (we omit the dependence on a for clarity), 
then the representation [)a can also be expressed as 

= ( 16 ) 

The following equality holds ch(f)a) = ha (see [14, Proposition 1.7.3]). 

3.2. The Heisenberg product of complete homogeneous symmetric functions. 

In Section 2 and in Subsection 3.1 we have established a path between the objects 
described in the diagram below: 

Sp R %dX Xt A, 

where the double arrow means the application of the Grothendieck functor. 

Using the universal property of the Grothendick group functor, it is clear that in 
order to translate the Heisenberg product from R to X it is enough to verify that it is 
compatible with direct sums. 

It is easy to make this verification in the category of species, where the colimits are 
defined pointwisely as the colimits of vector spaces. Then, the distributive property of 
the tensor product with respect to direct sums shows that (p © q) # r = (p # r) © (q # r) 
for p , q , r G R. 

Hence the operation ^ can be dehned in X, and the subgroup X is clearly closed 
since the definition of the Heisenberg product involves only a finite number of summands. 

Now, by composition with the Frobenius characteristic isomorphism ch : Xk —)■ A we 
obtain an associative product on symmetric functions, which we call Heisenberg product 
of symmetric functions. 

The next theorem gives an explicit formula for the Heisenberg product in the linear 
basis of A formed by the complete homogenous symmetric functions. This theorem, 
besides providing a combinatorial rule useful for computations, will later be used to make 
the connection with the Heisenberg product of non-commutative symmetric functions in 
Section 8. 

In order to express the coefficients of the Heisenberg product of two complete ho¬ 
mogenous symmetric functions, we need to dehne a particular set of plane partitions as 
follows. Let a = (oi,..., a^) N p and (3 = (&i,..., 6 *) N g be two compositions and n an 
integer with max(p, q) < n < p + q- Let Qq = n — p, bo = n — q, and let ^ be the set 
of all (s + 1) X (r + l)-matrices 

M = {mij)o<i<s 

0<j<r 

with non-negative integer entries and such that 

• the sequence of column sums is (oq, oi,..., a^), 

• the sequence of row sums is (6o, ^i, • • •, &s), 

• the hrst entry is moo = 0. 
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We illustrate these conditions as follows: 

0 moi • • • mor 
• • • IRlr 


' * * ’^sr 

n — p ai • • • Qr 
Let p{M) be the partition of n whose parts are the non-zero rriij. 

Theorem 3.1. There is an associative product 7 ^ in A, interpolating between the internal 
and external products, which can he expressed in the basis (ha) of complete homogeneous 
functions as 

p+q 

haifh0= ^ ^ hpi^M)- (17) 

n=max(p,g) 

For example, using such theorem we get 

h(2,l) # ^3 = /l(2,l) + -|- h(2,l,l) -|- h(2,2,l) + h(2,1,1,1) + h(3,2,l), 

where the external product is recognized in the last term and the internal product in the 
hrst one, together with additional terms of degrees four and hve. 

The existence of this operation poses the problem of hnding an explicit description for 
its structure constants on the basis of Schur functions. The answer would contain as ex¬ 
treme cases the Littlewood-Richardson rule and (a still unknown) rule for the Kronecker 
coefficients. 


n — q 
hi 


Proof of Theorem 3.1. We prove that the following formula holds in the category R: 

P+q 

f)a#f|/3= ^ ^ flp(M), 

n=max(p,g) MgM.^ ^ 


where the representations are the induced representations dehned in (16). The appli¬ 
cation of the Grothendieck group functor and the Frobenius characteristic immediately 
yields (17). 

We £x n in the range max(p, q) < n < p + q. The n-summand oi iS; according 

to (9), 


(ffa # ^p)n = Indf 


^nSc 


■r-\ SpXS( 
Kesc y 

Op A 7 


L(t)«(2) f)/?) =Ind|: 


X-nSc 






(18) 


Consider the composition of the hrst two functors Resg^^^g^ Indg^^^s^ 1^® right hand 
side of (9). We use Mackey’s formula to interchange them (see [21]), as follows. 

Let T (Z Sp X Sq he a. complete set of representatives of the family of double cosets 

{SpXnSq)\{SpXSq)/{SaXSg). 

For each n G T, dehne 


^{S^xSg)=V-\S^xSg)v and X^ Sg = {Sp Xr. Sq) n^{So^ X Sg). (19) 
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The following diagram ilustrates the relative position of these groups and subgroups 




Sp Xn Sg 


Sp X Sg 


Sa X^ Sf] 


Sa X Si3 


In this situation Mackey’s formula reads as the equality 


Ress'fs 


01 nd: 


SpXnSq p SqXS^ /-n 


ver 


Using the transitivity of the induction functor and the property that it commutes with 
coproducts we deduce that (18) can be written as 


(t). # Mn = Ind ® f)^) = 0 Ind; 


Sa X Sp 


( 20 ) 


vGT 


In Lemma 3.2 we construct a bijection v i-A between T and with the property 
that Sp(M^) = Sa x"!^ Sp. Then (20) becomes 


(lla#ll/3)n - 0Ind|"x-53(l) - “ 0 ^ 


ver 


'p(M„) 

wGT MgM' 


p{M), 


a,13 


proving the theorem. 


□ 


Lemma 3.2. In the notations of Theorem 3.1, there is a bijection T = given by 
V i-A such that Sp(^M„) = Sa x" 

Proof. The proof of this rather technical lemma is postponed until the appendix 13.1. □ 


With the help of the coproduct, one can produce a simple relation between the Heisen¬ 
berg product and the external and internal products in symmetric functions. The co¬ 
product in this situation is dual to the external product and can be dehned on the 
generators of the basis of complete homogeneous symmetric functions as: 

^(ha) = hi ^ hj. (21) 

i+j=a 

The identity that follows was suggested to the authors by A. Zelevinski and does not hold 
for the space of non-commutative symmetric funcions (see comment after Theorem (7.4)). 

Lemma 3.3 (A. Zelevinski). Assume that f,g & A, then: 

f#9 = '^fiih*9i)-92, ( 22 ) 

where A(/) = ^ (g) /2 and A{g) = Y,gi®g 2 - 

Proof. The identity (22) follows from formula (17), by collecting the hrst row and hrst 
column of the matrix M as {ha)i and {hp) 2 , respectively, and the remaining submatrix 
of M is precisely the internal product of the second tensorand {ha )2 of the coproduct of 
ha with the hrst tensorand {hp)i of the coproduct of hp. □ 
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3.3. The Heisenberg product of power sums. The power sums {px)x\-n,n>o form a 
linear basis of A over Q. In this subsection we give an explicit formula for the Heisenberg 
product in this basis. 

Given two partitions A and /i, denote by A/i the concatenation and reordering of A and 
/i. For example, if A = (3, 2,1,1) and /i = (2, 2,1), then Ap = (3, 2, 2, 2,1,1,1). 

Theorem 3.4. The Heisenberg product in the basis of power sums can be expressed as 

PxifPi,= (23) 

a'y=X 

lh=U 

where zf-y) is the order of the stabilizer of the conjugacy class of a permutation of cycle- 
type 7 .- 

^( 7 ) = (24) 

r 

being ruj. the number of times r occurs in 7 . 

Proof. The coproduct in the basis of power sums is determined by requiring the functions 
Pn, with n a non-negative integer, to be primitive elements: A{pn) = 1 ( 8 ) + Pri G) 1 . 

More explicity, 

A(pa) = 

al3=X 

Then, formula (22) reads 

P\i^Pu= ^ Pai-{Pa2*Pyi)-Py2- 
0 ^ 10 ^ 2 =^ 

But Pa 2 *Pyi = ^{.C( 2 )da 2 ,i 3 iPa 2 ^see [14, Chapter 1(7.12)]-. Since the external product 
of power sums is done by concatenating the partitions, we obtain the result of the 
theorem. □ 

As a particular case, assume that A and p are partitions of n. Note that there is a 
term in degree n only when A = /i, otherwise 7 would never be the empty partition and 
the degree of Pa^yg would be strictly greater than n. Therefore, the only term in degree 
n is 

z(A) Pa, if a = /i; 

0 , otherwise; 

which is the expression of the internal product in the basis of power sums. 

On the other hand for any partitions A and p, when 7 is the empty partition, we 
obtain the term of largest degree, namely Pag, since z{'y) = 1 in this case. This gives the 
external product px'Pfi = PXfi- 

Note that the coefficients of Formula (23) in the basis of power sums are not necessarily 
the numbers 2 ( 7 ). Indeed, the partition A may be decomposed, in general, in more 
than one way as A = 0 : 7 , since the operation of concatenation of partitions involves a 
reordering of the hnal result. For example, let (1”) be the partitions with n parts equal 
to 1. Then, 

U-\-V 

P(i“)#P(n)= 

n=max(u,'i,) 


U 

n — V 


n — u 




(25) 
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In this case, the partitions of Formula (23) are a = fi = (1"'““), and 7 = (!“+’'-«•). 

The number of possible decompositions of (1“) into two partitions of length n — v and 
u + v — n is and the same argument for (!’') yields the second binomial coefficient. 

The remaining factor of the coefficient is ^( 7 ) = = {u + v — n)\, according 

to Formula (24). 

From the explicit expression h.(„) (x) = ^ -where (oi, • • • , a*,) ranges over 

all possible permutations of the parts oi a = {ii, ■ ■ ■ ,ik) for all partitions a of n-, it is 
clear that = p(i«). Hence, Formula (25) can also be deduced from Theorem (3.1). 
We use this method in (44) for non-commutative symmetric functions. 


Part 2. The non-commutative context 


4. The Heisenberg product of endomorphisms 


Let {H,m, A, i,e, S) be an arbitrary Hopf algebra, where m \ H ® H ^ H is the 
product, A : H ^ H ^ H is the coproduct, l : k H is the unit, e : H ^ k is the 
counit, and S : H ^ H is the antipode. The space End(iL) of linear endomorphisms of 
H carries several associative products. Let /, (? G End(Fr). Composition and convolution 
are respectively defined by the diagrams: 


H 



f®Q 

H ®H ®H 



H - >H 

g°f 


H - yH 

f*g 


(26) 


Definition 4.1. The Heisenberg product of endomorphisms -denoted as f ^ g, for f,gE 
End(Fr)- is dehned by the diagram: 


jyig)3 



where the map cyclic : —)■ is x®y®z\-E-y®z®x. The associativity of the 

Heisenberg product follows from the Hopf algebra axioms and its unit is the map le. 

In explicit terms one has: 

(28) 

We call End/(iL) the subspace of End(iL) of finite rank linear homomorphisms, i.e. 
the image of the canonical inclusion H* ® H End(iL). It is clear that the three 
above operations restrict to End/(iL) -observe that for the linear generators of End/(iL) 
the Heisenberg product takes the following form: a\hfff3\i = ^q:(/ii ^ (3)\h2i, where 
{a\h){h') = a{h')h for a G H*, h, h' G H . It is also clear that if H is finite dimensional 
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End/(i/) = End(i/), is endowed with a coproduct given by the tensor products of the 
coproducts in H* and H. This coproduct, is compatible with the convolution product 
but not with the others. 

Remark 4.2. The Heisenberg product appears in the literature in different settings (see 
for example [17]). Given a Hopf algebra H and a R-module algebra H, the Heisenberg 
product is dehned as the operation on the space A® H given as: 

(a ® h) #(6 ®k) = a{hi ■ b) 0 / 12 /c. (29) 

\i A = H* and H acts on A by translations then (29) corresponds to (27) via the 
canonical inclusion H* 0 H ^ End(i7). Note that in the dehnition of the Heisenberg 
product in End(i7) there are no restrictions about the dimensions. 

4.1. The case of it'— equivariant endomorphisms. We need an equivariant version 
of the above construction. 

Assume that K is another bialgebra and that i7 is a it'-module bialgebra : H is 
endowed with a left action of the algebra K -if fc G A' on h G i7 the action is denoted 
as {k, h) ^ k ■ h : K X H ^ H . We have that for all fc G A' and h, i ^ H, A{k ■ h) = 
ki ■ hi 0 k 2 ■ h 2 and k ■ {hi) = ' ^)(^2 • i)- 

The action of K on H, induces a right action of K on H* via the formula: a G H*, 
hEH,kEK, {a ^ k){h) = a{k ■ h). With respect to this action and if H is hnite 
dimensional, H* becomes a right A'-module bialgebra. In general H* is only a A'-module 
algebra. 

Definition 4.3. Assume that H is a A'-module bialgebra for a certain Hopf algebra 
K. We dehne an action of K on End(i7) as follows: if /c G A' and / G End(i7), 
{k ■ f){h) = X] ■ f{S{^ 2 )h), -S : K ^ K denotes the antipode-. Explictly, the 
action on the generators of End/(if) is the following: for a|h G End/(ii) and /c G A' : 
k ■ {a\h) = X)(q: ^ Sk2)\ki ■ h. 

Remark 4.4. 

(1) The A'-invariant elements for this action, i.e. the elements / G End(Ai) such 
that for all fc G A', fc • / = e{k)f, are the A'-equivariant homomorhisms. They 
form a vector subspace of End(Ai) denoted as Endi^(Ai). Clearly, the A'-action 
is compatible with composition. 

(2) In the case that K is cocommutative, the A'-action is also compatible with the 

convolution product. Then End(if) and End/-(if) are A'-module algebras with 
convolution and Endi 4 '(if), End are subalgebras. 

(3) In the case that H is hnite dimensional and K is cocommutative, the coproduct 
of End(fi) is compatible with the action of K. Indeed, if ci G H*, h ^ H, k ^ K, 
we have that A{k ■ {a\h)) = A((a ^ Sk 2 )\ki ■ h) = X)(o: ^ Sk 2 )i\{ki ■ h)i 0{a 
Sk2)2\{ki ■ h)2 = i](a:i ^ Ski)\{ki ■ hi) 0 (us ^ Skii)\{k2 ■ hs) = i](ai ^ 
Sk 2 )\{ki ■ hi) 0 (0:2 ^ S'/c 4 )|(fc 3 ■ h 2 ) = ^ki- (ai|hi) 0 ^2 • (021^2). 

Lemma 4.5. 

(1) In the situation above, if K is cocommutative and H is a K-module bialgebra, 
then End(i7) endowed with the Heisenberg product is a K-module algebra and 
End/-(if) is a K -subalgebra. 

(2) Moreover, Endi^(if) and End/,(if) are ff-subalgebras o/End(ff). 
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Proof. We prove only the assertion concerning the Heisenberg product in Endf{H) as is 
the one we use in the applications. The rest of the proof is left to the reader. Consider 
a,/3 G H*, h,i E H and k E K. 

We hrst compute: 

k ■ {a\h4fl3\i) = ^k- {a{hi /9)|M = 

- /3)) - Sk,\k, ■ (M) = - (3)) - Sk,\{k, ■ h){k2 ■ i) = (30) 

- SkMh -^13)^ Sks)\{k, ■ h2){k2 ■ i), 

next: 

■ («|h)#fc2 • im = - Sk2)\ki ■ h)W - Sk^)\ks-i = 

V(« - Sk2){{k, ■ h), - (/3 - Sk.Mk, ■ h)2k, ■ i = 

(31) 

5^(a - Sk,){k, ■ hi - (/3 - Sk,))\{k2 • h2){k^ ■ i) = 

5^(a - Sk3){k, • hi - (/3 - ^h5))|(hi ■ h2)(h2 • i). 

Now, the equality of (30) and (31) can be deduced from the following calculation: take 
R ff* h r H flnH k K 

E(fci • h - (/3 - ^h2))(r) = E(/5 ^ Sk2){rk, • h) = E/^((5h2) • (r(hi • h))) = 

Y^PiiSks ■ r){Sk 2 ki ■ h)) = Y,f3{{Sk ■ r)h) = ((h ^ 13) ^ Sk){r). 

□ 


4.2. The case of endomorphisms of graded Hopf algebras. Assume that H = 
0n>O is a graded connected bialgebra, i.e. for all n, m G N, H^Hm C Hn+m, ^(h^n) ^ 
®p+q=n ® 3iq and Hq = k. -conectivity condition-. It is well known that in this 
situation hf is a Hopf algebra, and that the antipode preserves the degree. 

Definition 4.6. Consider the following chain of linear subspaces of End(ih), where 
Endgr(hf) is the subspace of the linear endomorphisms of H that preserve the degree: 
End(ih) D Endgr(ih) = nnEnd(if„) D 0„End(ihJ := end(ih) D 0„End/(ih„) := 
end/(if). 

In the case that each Hn is hnite dimensional, end(ih) = end/(ih) = 0„(hf)( <8) ihn), 
that can be endowed with with a coproduct dehned as below. 

Definition 4.7. In the situation above, take a:|h G Hf 0 if A(a) = J2p+q=n 
and A(h) = X]r+s=n ^ with Op E Hf , Og E H*, hr G Hr, hg G Hg] then 
A(Q;|h) = Y.a+b=n <^a\ha® Olb\hb. 

Remark 4.8. It is clear that the composition and convolution product dehned in End(i7) 
restricts to the chain of subspaces considered above. Moreover, in the case that the 
are hnite dimensional, end(i7) endowed with the convolution product and the above 
dehned coproduct is a graded bialgebra. 

The behaviour of the Heisenberg product in the graded case is described in the propo¬ 
sition that follows, that plays a central role in our constructions. 
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Proposition 4.9. (1) The Heisenberg product of'Ejnd{H) restricts to end{H). Moreover, 
if f E End{Hp) and g G End{Hq) then 

p+q 

fifge 0 End{H^) (32) 

n=max(p,q') 

and the top and bottom components of f ff g are 

{fif9)p+q = f-^9 and,ifp = q, {fjfg)p = gof. (33) 

(2) In the case that f = a\k G End{Hp) and g = l3\i G End{Hq), we have: 

a\k4fP\i= ^ a{kn ^/3)\kp_J 

0<n<m.m{p,q) 

, if A{k) = kn®kp-n whcrc kn G Hn and kp-n G Hp_n- Hence the Heisenberg product 
ofE\id{H) also restricts to end/(if). 

Proof. (1) Let h G Hn- The coproduct of h is 

A(/i) = '^ ha® hb, 

a-\-b=n 

with ha G Ha and hb G Hb- Using the formula (28) we obtain: 

U*sm= ^ /(M29('"t/(N),). (34) 

a-\-b=n 

Suppose that / and g belong to end(ii). The computation of the degree of every term 
in the sum yields 

deg(^f{ha)29{hbf{ha)i)'^ =deg{f{ha)2) + deg(^g{hbf{ha)^)'^ 

= deg(/(/ia)2) + deg{hbfiha)^) 

= deg{f{ha)2) + deg{hb) + deg{f{ha)^) 

= deg (/(ha)) + deg(hfe) 

= a + b = n, 

proving that f ^ g is in end(ii). 

We can rehne the previous analysis as follows. Assume that / G End(iip) and g G 
End(iiq). Then, Expression (34) is zero unless 

a = p and b + deg{f{ha)^) = q. (35) 

Adding these two equations we get that n = a + b < p + q. On the other hand, 
p = a<a + b = n and q = b + deg[f{ha)i) < b + a = n, hence max(p, q) < n. This 
proves (32). 

If we set n = p + g in (35) then we get deg(/(ha);^) = 0, and (34) reduces to the 
convolution diagram in (26). If we set n = p = q, then deg(h6) = deg(/(ha) 2 ) = 0, 
and (34) reduces to g{f{h)^ = (.9° /)(h), which is the composition product. 

(2) The equality a\kifft\i = Z)o<n<min(p,g) f3)\kp-ni where A{k) = Y.kn® hp-n 

follows immediately from the explicit formulae (34) and from the considerations of (1) 
with the corresponding bounds for the degrees. □ 
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Thus and as expected, the Heisenberg product interpolates between the composi¬ 
tion and convolution products. The analogous interpolation property at all other non- 
commutative levels (permutations and non-commutative symmetric functions) is a con¬ 
sequence of this general result. 

Remark 4.10. 

(1) Assume that that K is a commutative Hopf algebra and that H is graded con¬ 
nected A'-module Hopf algebra as above. Assume also that the action of K 
preserves the grading. In this situation one can consider the chain of subspaces 
of End(R) that follows: 

End(R) 3 Endgr(R) ^ end(R) ^ endf{H) 

Ul Ul Ul Ul 

Endi^(Tr) 3 Endgr,_ft:(R) ^ endx(R) ^ end/^i^(Tr). 

(2) In this context is clear that all the subspacs considered above are closed under the 
composition, convolution and Heisenberg products. In particular the following 
holds: if / G End/<(ihp) and g G Endi^(ifq) then 

p+q 

0 EndK(Rn). (36) 

Ti=max(p,g) 

5. The Heisenberg product of Garsia-Reutenauer endomorphisms 

In this section we dehne certain distinguished subspace of endomorphisms of the Hopf 
algebra H, that we call the Garsia-Reutenauer endomorphisms. Then we show that the 
Heisenberg product in End(R) (Section 4) can be restricted to this special subspace. 

These endomorphisms are characterized in terms of their action on products of prim¬ 
itive elements of H. 

The motivation for the dehnition is that in the case that H is the tensor algebra 
of a vector space, an important result of Garsia and Reutenauer -see [7]- relates this 
subspace with the space of non-commutative symmetric functions via Schur-Weyl duality 
(Lemma 6.1 and Theorem 7.2). 

Definition 5.1. Let H be an arbitrary Hopf algebra. If hi,..., G H, dehne 

G{hi, ...,hn) = Span(h<^(i) ■ ■ • | a G R^), 

or in other words, G{hi ,..., hn) is the subspace generated by the products of the form 
hf7(i) ' ‘ ‘ for (T G S^. 

For later use, we record the explicit expressions of the comultiplication in elements 
that are products of primitives hi - ■ ■ hn ■ 

We consider the set of (p, g)-shuffles -that is denoted as Sh(p, q)-. A (p, q)-shuffle is a 
permutation ^ G Sp^g such that 

^(1) < • • • < ^(p) and ^(p + 1) < • • • < ^(p + g). 


HEISENBERG PRODUCTS: COMMUTATIVE AND NON COMMUTATIVE CONTEXTS. 


21 


The comultiplication of hi ■ ■ ■ is given as: 

A(/ii • • ■ hn) = 'y ^ y ^ ^t(i) ■ ■ ■ ^5(p) ® ^?(p+i)'' ‘ ^i{p+<i) ■ (37) 

p+g=n5eSh(p,q) 

The following lemma lists some of the basic properties of the subspaces G(hi,..., h„). 

Lemma 5.2. For any hi,..., hn E H we have: 

(i) If a E G{hi,..., hk) and b E G(hk+i ,..., hn), then ab E G{hi,... hn)- 
(a) If a E G{hi,..., hn) and hi,..., hn E Prim(ih), then 

^ (g) 

k-\-i=n 

^eSh{k,e) 

where G G(hg(i),..., h^(fc)) and G G{h^(^k+i), • • •, ^c(n))- 

Definition 5.3. Let H be an arbitrary Hopf algebra. The space of Garsia-Reutenauer 
endomorphisms of H -denoted as S(iL)- is: 

S(iL) = {/ G End(iL) | f{G{hi,..., hn)) F G{hi, ...,hn) for all hi,..., h„ G Prim(ih)}. 

The subspace considered above, plays for End(ih) the same role that the subspace of 
descents plays for the algebra of permutations. 

Theorem 5.4. If H is a Hopf algebra, the space S(ih) of Garsia-Reutenauer endomor¬ 
phisms is a subalgebra of End(ih) with respect to the Heisenberg product. 

Proof. Given a primitive element h, we have Le{h) = 0, hence the unit of the Heisenberg 
product is in S(ih). 

Take two endomorphisms / and g in E(iP), and let hi,... ,hn G Prim(ih). Then, we 
have by dehnition -see (37), (27) and (28)-: 

(/ # h)(/il • • • hn) = (^(^«(l) ■ ■ ■ h{k)))29 {hi{k+l) ■ ■ ■ h{n) {f {^{1) ' ' ' h{k))) J • 

k-\-l=n 

^GSh(A:/) 

(38) 

As /(hj(i) • • ■ h^(fc)) E G(h^(i) • • • h^(k)), it follows from Lemma 5.2 that 

^{fihi{i)---h^{k))) = 

r-\-s=k 

? 7 GSh(r,s) 

with E G{h^ri(i), ■ ■ ■, h^ri(r)) and G G{h^ri(r+i), ■ ■ ■, h^ri(k))- Hence, we rewrite (38) 
as 

U #9){hi---hn) = 9{h{k+i)---h{n)a^i^). 

k-\-i=n 

^GSh(A:/) 

But the argument of g belongs to G(hg(fc+i),..., h^(n), h^ri{i), ■ ■ ■, h^ri{r))- Using that g E 
S(h7) and using part (1) of Lemma 5.2 we obtain that 

(/ ff 9){hi ■ ■ ■ hn) E G(h^^p_|_ip • • •, h^,j(^k), ^5(fc+i)) • • •) h^(^n)i h^r]{i)i ■ ■ ■ i h^n{r)) 

— G(hi,..., hn). 


proving that f if g E S(ih). 


□ 


22 


MARCELO AGUIAR, WALTER FERRER SANTOS, AND WALTER MOREIRA 


Remark 5.5. It is easy to show that S(i7) is also a subalgebra of End(hr) with respect 
to the composition and convolution products. 

In the situation that R is a graded connected bialgebra, we can produce an homoge¬ 
neous and equivariant version of the above results. 

We dehne the following chain of subspaces of S(R) : 

Sgr(R) := E(R) n Endg,(R) D a{H) := S(R) n end(R), 

and in the case that K is a commutative bialgebra that acts on H, by homogenous 
bialgebra endomorphisms -see Section 4- we dehne: 

S(R) nEndx(R) = T.k{H) D Sgr,i^(R) D aK{H). 

As all the objects described above are dehned as intersections, it is clear that they are 
closed under composition, convolution and Heisenberg product. 

6. The Heisenberg product of permutations 

In order to translate the Heisenberg product from endomorphisms of Hopf algebras to 
permutations we specialize the constructions of Section 4 and apply the methods related 
to the Schur-Weyl duality theorem -see [13]-. 

Let 

T(V) = 0 Y'Sin 

n>0 

be the tensor algebra of a hnite dimensional vector space V. It is a graded connected Hopf 
algebra with product dehned by concatenation and with coproduct uniquely determined 
by the condition that the algebra generators -the elements v G V- are primitive: 

A:ui-a1(8)u + u< 81 foruGld. (39) 

As Ui (8) • • • $§ Un = • • • Vn, we omit the tensors when writing elements of T{V). 

The general linear group GL(1/) acts on V and hence on each diagonally. Schur- 
Weyl duality -as presented for example in [6] or [13]- guarantees that the only endomor¬ 
phisms of T{V) which commute with the action of GL(1/) are (linear combinations of) 
permutations. 

Let 

S = 0k5„ 

n>0 

be the direct sum of all symmetric group algebras. The product in S is dehned on 
permutations as the usual composition -denoted by a o r or ar- when a and r belong 
to the same homogeneous component of S, and is 0 in any other case. The identity in 
Sn is denoted by Id^. 

Lemma 6.1 (Schur-Weyl duality). In the notations above, let T he the map 

T : S —)■ endGL(u)(7'(H)), 

defined by sending a E Sn to the endomorphism \l/(cr) ofTiV), which in degree n is given 
by the right action of a on 

^ 
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and is 0 in the other homogeneous components. Then, is an homogeneous isomorphism 
of vector spaces. 

Definition 6.2. The Heisenberg product of permutations # : S x § —)■ § is defined by 
the commutativity of the diagram below: 


S X S 
# 


'E'x^ 


4endGL(v) {Tiy)) x endGL(v) {T{V)) 
# 

-> endGL(v) {T{V)) 


Compare the above dehnition with the results by Malvenuto and Reutenauer in [15] 
where the authors deal with the convolution product in §. The considerations of Section 
4, guarantee that the same methods can be applied in the situation treated in Dehnition 
6.2 for the Heisenberg product. 

This method, presented in [15] and used above, is important because it could be 
applied to other dualities than Schur-Weyl, i.e. to centralizer algebras of other groups 
(or Hopf algebras) acting on a tensor algebra. 

It also can be applied to other products of endomorphisms, a remarkable case being 
that of the DrinfeTd product, which is studied in [18]. 

Next we exhibit an explicit formula for the Heisenberg product of two permutations, 
that at the lowest and highest degree, yield the usual formulae for the composition and 
the Malvenuto-Reutenauer products respectively -see the table appearing in Figure 2-. 

We establish the following notation for the {p, q) shuffle of maximal length; 

( 1 2 ■■■ p p+1 p + 2 p + q 

q + lq + 2---q + p 1 2 q 

Notice in particular that fdp^g = (3fp. 



Theorem 6.3. (1) Let a E Sp and r G Sg. Then, the Heisenberg product in S can 

be expressed as 

p+q 

aifT = E E ^(((T7y) X l.dji—p^P2n—p—q^p-\-q—n{^^n—q X t). 

n=max(p,g') ^GSh{p,n—p) 

r}GSh{p-\-q—n,n—q) 

(2) When n = p + q: 


(cr#D)n = crxr = ^ ^(crxr), 

56Sh(p,g) 

where a x r E Sp+g via the standard inclusion: 


(a X r)(i) 


aii) ifl<i<P, 

p + T{i — p) if p + l<i<p + q. 


(cr#r)n 


When n = p = q: 


= ar. 
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Proof. (1) Using (37) and (38) for the endomorphisms tl/(cr) and d'(r) induced by the 
permutations a E Sp and r E Sg, respectively, we obtain: 

(^'(a)#d'(r))(Ti---Tn) 

r-\-s=n 
^eSh(r,s) 


The only non-zero terms occur when r = p, hence 


(T(cT)#T(r))(Ti---T„) 

= Y1 (^(^)(^«(1)---^«(P)))2 (^(^)(^^«(i)---^«(p)))i) 

?GSh(p,n-p) 

= V^arj(u+1) • • • '^5o'p(p)^('r)('^^C(p+l) ■ ■ ■ '^pn)V^arj{l) ' ' ' V^ar}(u)) 

?GSh(p,n-p) 
u+v=p 
ri£Sh{u,v) 

^ ^ ^ari{p+q—n+l) ' ' ’ ^5crp(p)L’^T(p+l) ' ' ' ^^T{n)'^^apT(l) ' ' ' '^^apT{p+q—n) 

i&h{j),n-p) 
p&S'a{p+q—n,n—q) 

= E * 

5GSh(p,n-p) 
pSSh(p-|-q—n,n—p) 

which proves the first part of the theorem. 

(2) This part follows directly. Observe that for the case n = p + q we obtain the 
product of permutations as dehned by Malvenuto-Reutenauer in [16, 15]. 

In the case n = p = q and since the action of Sn on V^"' is from the right, the 
composition of permutations corresponds to composition of endomorphisms in 
the opposite order -compare with the results of Proposition 4.9-. 

□ 


'b((^h) ^ Idn—p)/32n—p—g,p-|-g—n(Idn—g X t) (Ti • • •Tjj), 


For example, writing the permutations in word format we obtain that: 

12 #132 = 132 + 231 + 321 

+ Id4 + 1243 + 1324 + 2134 + 2143 + 2314 
+ 3124 + 3142 + 3214 + 4123 + 4132 + 4213 
+ 12354 + 13254 + 14253 + 15243 + 23154 
+ 24153 + 25143 + 34152 + 35142 + 45132. 


Notice that the red terms correspond to the Malvenuto-Reutenauer product. 

7. The Heisenberg product of non-commutative symmetric functions 
The descent set of a permutation a G S'„ is the subset of [n — 1] dehned by 

Des((T) = {i e [n — 1] I a{i) > a{i + 1)}. 
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Given J C [n — 1], define Sj as the set of permutations a E Sn with Des((T) C J, and 
consider the following elements of kS'„: 

Xj=J2<^- ( 41 ) 

o-eSj 

The family of subsets of [n — 1] is in bijective correspondence with the set of compositions 
of n. Recally that a = (oi, • • • , a,.) is a composition of n if all the Oj are positive integres 
and ill this situation we write a = (oi, • • • , a^) |= n. 

The bijection between compositions and subsets is: 

(Ol, (32) ■ ■ ■ ) ®r) t- y {®1) Ol + 02) . . . ) (3l + • • • + Or— l}- 

For instance, if n = 9, then X(i_ 2 , 4 , 2 ) = -^{ 1 , 3 , 7 } and X( 2 , 4 , 2 ,i) = ^{ 2 , 6 , 8 }- 

Definition 7.1. Let = k{XQ, : o' |= n} C kSn, be the subspace linearly spanned by 
Xa with a composition of n and 

n>0 

An important result of Garsia and Reutenauer characterizes the elements of S whose 
images by T -in the notations of Lemma 6.1- belong to (Jgl(v)(^(G)). in terms of their 
action on the tensor algebra. Recall the Definition 5.3 of (Tgl(v)(^(G)). 

Theorem 7.2 (Garsia-Reutenauer, [7]). Let T he isomorphism defined in Lemma 6.1, 
then the following diagram commutes: 

ECS 

ogl(v)(T(R)) C endGL(v)(T(R)), 

and the map \l/|s surjective. 

A fundamental result of Solomon [20] states that Yin is a subalgebra of the symmetric 
group algebra kSn with the composition product. This is Solomon’s descent algebra. It 
is also well-known that Y is closed under the external product [9, 10, 15]; in fact. 

The space Y with the external product is the algebra of non-commutative symmetric 
functions. 

The following theorem generalizes these two situations in view of the interpolation 
property of the Heisenberg product of permutations. 

Theorem 7.3. The subspace Y O S is closed under the Heisenberg product. 

Proof. This a direct result from Theorem 7.2, Theorem 5.4, and Schur-Weyl duality 
(Lemma 6.1). □ 

The next theorem gives another version of the same result with an explicit description 
of the value of # Xp for a \= p and (3 \= q. The structure coefficients of Xa # Xp are 
expressed in terms of the matrices ^ defined in Subsection 3.2. 

In [18] appears another combinatorial proof which extends a proof of Schocker in [19] 
for the composition product. 





26 


MARCELO AGUIAR, WALTER FERRER SANTOS, AND WALTER MOREIRA 


Moreover, another proof of Theorem 7.3 can be obtained by extending the Heisenberg 
product to the Coxeter complex of the symmetric group (that is, the faces of the per- 
mutahedron). This makes a connection with recent work of Brown, Mahajan, Schocker, 
and others on this aspect of the theory of descent algebras [5, 2, 19]. 

Recall the following dehnition: take a = (oi,..., a^) N p, {3 = {bi,... ,bs) k q two 
compositions and let n be an integer, max(p, q) < n < p + q. Let oq := n — p, bo := n — q, 
and be the set of all integral (s + 1) x (r + l)-matrices with non negative entries 
M = {mij)o<i<s such that: the sequence of column sums is (oq, Oi,..., a,.), the sequence 

0<j<r 

of row sums is {bo, bi,..., bg) and the hrst entry is moo = 0. To visualize these conditions 
we write the diagram: 


0 moi • • • mor 
rriio 


n — q 
hi 




Tflsr 


bs 


n — p ai ■ ■ ■ ttr 


Theorem 7.4. Let a k p and /3 q be two compositions. Then 

p+q 

X,^M) (43) 

n=max(p,(j') MsM™ ^ 


where c{M) is the composition whose parts are the non-zero entries of M, read from left 
to right and from top to bottom. 

Observe that even though this formula is similar to the one we had for symmetric 
functions (17), the occurrence of the compositions as indices of the basis makes the 
connection between the Heisenberg product and the external and Solomon products 
considerably subtler than in the commutatative context. In particular, a formula like (22) 
does not longer hold. Moreover, the above expression will allow us to make the connection 
with the Heisenberg product of the representations of the symmetric group. This point 
is taken up in Section 8. 

By the interpolation property of the Heisenberg product. Theorem 7.4 contains as 
special cases rules for the product in Solomon’s descent algebra and for the external 
product of two basis elements of S. One readily verihes that the former is precisely the 
well-known rule of Garsia, Remmel, Reutenauer, and Solomon as given in [7, Proposition 
1.1], while the latter is the one appearing in (42). 

As an example we have the following formula 

X{iu)ff X(iv) = f ^ (n-|-n — n)! X(in), (44) 

\n — V J \n — uJ 

n=msix{u,v) ^ 

where (1") is the composition of n with n parts equal to 1. The coefficients arise by 
inspection of all the possible ways to hll out the entries of the matrix M in a diagram 
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as below with row and column sums as prescribed. 


0 ? 


? n — V 


? ? 


? 1 


? ? 


? 1 


n — u 1 ■ ■ ■ 1 


Similarly, one verifies that: 


n 




k=l 

where the S'(n, k) are the Stirling numbers of the second kind. 

Proof of Theorem 7.4. Let us take a fixed integer n between max(p, q) and p + q. To the 
compositions a = (oi ,... ,ar) and /3 = (&i,..., 6^) we associate the following sets: 


P2 = 71 — O' + [bi + 1, 61 + 62]) 


Eq = [P+ l,7i], 

E^ = [l,a,], 

Ef = [oi + 1 , Oi + 02], 


Ef — [fli + • • • + CLr—i + l,p], Ef' — n — + [&i + ■ ■ ■ + bg—i + 1, O']- 


Observe that the family of intervals {i?"}jg{o,...,r} and {F"}jg{o,...,s} are partitions of 
[l,n]. It is also clear that a G 23^ if and only if a x Id„_p is increasing in Ef for 
all j G {0, ... ,r}. Similarly, r G S /3 if and only if Id„_q x r is increasing in F" for all 
i G {0,..., s}. Observe, also, that Ef is the j-th coordinate of the pseudo-composition 
(n — p, oi,..., Oj.), and ff Ef- is the Tth coordinate of {n — q,bi,..., bg). 

Given rj G Sh(p + q — n,n — q) and r G S^, call = (h ^ Idn-p)/9o(Idn-(j x r) and 
define the matrix 



0<i<s, 

0<j<r 


where we have abbreviated f32n-p-q,p+q-n = Po- In this situation Mn^r £ Indeed, if 

we call rriij = ffi^Ef' O for i = j = 0 we have that 

= p[p + g-n + l,p] C [l,p], 

which shows that the intersection Eq O is empty, and then moo = 0. The sum 

'moj + • • • + TOsj equals the number of elements of Ef, which is, as noted before, the 
j-th entry of the composition (n — p, oi,..., a^). The same argument applies to the sum 
of the rows. In this manner, sending r e-)■ Mr^^r we define a map S /3 —)> Take 

M = {rriij} £ I^a ,/3 nnd let S^’"'(M) the corresponding fiber of this map: 


3y(M) = {t e sq #(Fl‘ n v>-tU‘) = mi, for all i 6 {0,..., r}, i € {0,.... s}}. 


Therefore, we have a partition of Sa = Umpm" So’"'(M). 
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For ^ G Sh(p, n — p) and p G Sh(p + g — n, n — g), let us denote g^^(cr, r) = ^^ 
Id„_p)/3o(Idn-5 X r), the n-term in the sum (40). The function is bilinear, and we 
can write 

n i,r) 

From now on as n is hxed we will omit it in the notations of the sets and the functions. 
Next we show that 

'y 9^,r}i^ay ^g) y ^ ^c{M)- 

For this, we write 

'y^9i,r){Xa,X^) = O', T j 

^cre'Ha MeMa,p 

= ( 45 ) 

AIGM„,/3 o-GSc. 

If we denote by Sa,p{M) the set of elements {^,p,a,T) such that ^ G Sh(p,n — p), 
p G Sh(p + g — n,n — g), cr G !Ba and r G then the map -0 : Sa,i 3 {M) —)■ ®c(m) 

given by p, a, r) = gg,r)(<T, r) is a bijection. We prove this fact in Lemma 7.6. In this 
situation, if we group together the last three sums of (45) we obtain 

y ^ 5'g,r;(^a; ^g) = ^ ^ Xc,[M)i 

^,rj MgMq,/3 

which concludes the proof of the theorem. □ 

In the following two lemmas we assume the notations of the previous theorem. Their 
proofs, being rather technical are presented in the Appendix. See: 13.2 and 13.3. 

Lemma 7.5. Forp G Sh(p+g— n, n—q), t & ‘Bp and for alii = 0,..., s and j = 0,..., r, 
the sets 

Fi n 

are disjoint intervals. Moreover, in each of these intervals the function is increasing 
and has image either contained in [l,p] or contained in [p + l,n]. 

Lemma 7.6. For M G Xia^/s, the map 0 : Sa,p{M) —)■ ®c(m), which sends {f,p,a,T) 
into g^^p{a,T), is a bijection. 

8. From non-commutative to commutative symmetric functions 

In the previous four sections of Part 2: Non-commutative context', we constructed the 
following commutative diagram of algebras -endowed with their respective Heisenberg 
products- (omitting the part that includes the space A): 

A <.-.ECS 

aGL(u)(T(H)) C endGL(u) (T(H)) C end(T(H)). 

In the part of the above diagram that excludes A, all the Heisenberg products are 
induced by the one dehned in the larger space end(T(I/)). Recall also that the vertical 
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isomorphisms are due to Schur-Weyl duality and to the results of [7] as mentioned in 
Section 7, Theorem 7.2. 

We want to incorporate into this diagram the space of symmetric functions A equipped 
also with the Heisenberg product, this is expressed in the dotted arrow that is to be 
dehned. 

For each n > 0 we dehne the linear map —)■ by its values on the basis 

{Xa : a composition of n} as: 

Tn(A^a) hai 

where a is the partition of n obtained by reordering the entries of the composition a. 
Let us denote by tt : S ^ A the map induced in the direct sums. 

It is well known that tt is a morphism if we endow S with the Solomon product and 
A with the internal product, it is also a morphism when we endow both spaces with the 
external products. 

The theorem that follows generalizes these compatibilities by proving that the map 
vr : S -» A is a morphism with respect to the Heisenberg products in A and S, as 
constructed in Sections 3 and 7, respectively. 

Theorem 8.1. For any pair of compositions a and fd: 

7r(X„#X^) = h5#h^. 

Proof. Comparing the explicit formulae-see equations (17) and (43)- it is clear that it is 
enough to construct for each n a bijection —)■ M7 such that for all M G 

p{iIj{M)) = (46) 

Let (j and r be two permutations which reorder into partitions the compositions a = 
(oi,..., Or) and {3 = {hi,... ,hs), respectively, i.e.: 

u (0 (t(1)5 ■ ■ ■ 1 ®(T(r))) /3 (6r(l)) • • • ; ^T(r))- 

Dehne 'ip{M) as the matrix obtained from M by permuting its columns with the permu¬ 
tation Idi X (j and its rows with the permutation Idi x r. Clearly 'ip{M) is in and 
the map is a. bijection. 

Moreover, since the (unordered) entries of M and 'if{M) are the same, we get Equa¬ 
tion (46). □ 

9. Compatibility of the coproduct with the Heisenberg product 

In various of the spaces depicted in the table in Figure 1, coproducts can be introduced, 
and frequently they are compatible with the products we are considering. For brevity 
we concentrate in the consideration of the compatibility of the coproducts with the 
Heisenberg product at the level of permutations, of non commutative and of commutative 
symmetric functions. We start by considering a coproduct that is called the convolution 
(or external) coproduct. 

We start by dehning this coproduct at the level of S. 

Let n be a positive integer and decompose it as n = p -|- g. Then, as Sh“^(p, g) is a 
set of representatives for the left cosets of Sp x Sq F Sn, given a E Sn there is a unique 
triple {f,ap,a'g) such that: f G Sh(p, g), (Xp G Sp, a'^ G Sq, and 

ff = (ffp X 


(47) 
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The coproduct A : S ^ S (8) S is defined on a G S'n as 

n 

= (y'q^ (48) 

p=0 

where and are as in (47). For instance : A(52413) = ( ) (8) (52413) + (1) ® (4132) + 
(21) (8 (321) + (231) 8) (21) + (2413) 8 (1) + (52413) 8 ( ). 

If follows directly from the formula (48) above (see [16]) that: 

A(A(ai,,„,a,)) = ^ (49) 

6 ^ -j-C'i — n-i 
0<bi,Ci<ai 

where for a pseudopartition a, a indicates that parts equal to zero have been omitted. 

It is then clear that the comultiplication A can be restricted to the space of descents: 
i.e. that 

A(S) C S 8 S. 

Remark 9.1. In [16, Theoreme 5.3, Remarque 5.15] it is proved that equipped with the 
convolution product and the above coproduct, S becomes a graded connected Hopf alge¬ 
bra and it is also shown that A is not compatible with the composition of permutations. 
Also in [3] a more recent and detalied study of (S, a. A) is presented. 

Taking into account that the Heisenberg product, interpolates between the convolution 
(or Malvenuto-Reutenauer) and the composition product at the level of the permuta¬ 
tions, we cannot expect it to be compatible with the coproduct considered above. 

These operations are better behaved if we restrict our attention to the non commuta¬ 
tive symmetric functions. 


Next we prove that A is compatible with the Heisenberg product in S, and in par¬ 
ticular this implies that for descents the composition product is compatible with the 
comultiplication. 


Theorem 9.2. The space (S, A) is a cocommutative Hopf algebra. 


Proof. It is enough to prove the Heisenberg-multiplicativity of A on elements of the form 
Xa with a a composition of p for different p’s. 

Let a and (3 be compositions of p and q, respectively. We use Formula (43) to compute 


p+q 

E aw(m))= E E E 

n ^ n=max(p,(j') ^ 7+7 '=c(M) 

On the other hand. 


A(X„)#A(A^) 



#( A58Ay 


5+5'=13 


7+7'=Q; 

5-\-5'=p 


E E 



Xc{M) ® Xc(M')- 


7+7'=a n,n' 

5+5'=13 


M'eM") , 

o ,7 


(50) 


( 51 ) 
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We show that the sums (50) and (51) are the same as follows: take an octuple of indices 
corresponding to the sum (51): ( 7 , 7 ', 5, 5', n, n', M, M') and construct the quadruple 
{n + n', M + M', c{M), c{M')y Denote by col(M) (row(M)) the vector whose entries 
are the sum of the columns (rows) of the matrix M. Since 

col(M + M') = col(M) + col(M') = (n — | 7|)7 + (n' — | 7 '|) 7 ' = {n + n' — p)a, 

where |C| is the sum of the parts of a composition (, and similarly with row(M + M') = 
{n + n' — q)P, we see that M + M' e M” As c(M) + c(M') = c(M + M'), if we set 

(n, M, 7 , 7 ') = {n + n',M + M', c(M), c(M')) 

it is clear that (n, M, 7 , 7 ') is a quadruple of indices appearing in the sum (50) and that 
the corresponding summands of (50) and (51) are the same. 

Moreover, it is clear that the above correspondence between the indices of the sums is 
bijective. □ 

Consider now the space of symmetric functions A and the proyection vr : S —)■ A. In 
Subsections 3.2 and 3.3, equations ( 21 ) and (23) we dehned a coproduct on A similar to 
the one dehned above and dual to the external product. We then gave its expression on 
the natural basis of complete homogeneous functions and power sums. 

In particular we have that -see the notations of Subsection 3.2 and 3.3-: A{ha) = 
hi ® hj and A(p„) = 1 (g) (g) 1 . 

Being 7r{Xa) = ha, and using the hrst of the above equalities and Theorem 9.2, we 
conclude the following result. 

Corollary 9.3. The space of symmetric functions A equipped with the operations {ff, A) 
is a cocommutative Hopf algebra and the map n : T, ^ A is a morphism of Hopf algebras. 

Proof. We have that: 

A(7r(Ao)) = A{ha) = '^hai<S) ha^ = y^7r(AaJ (g) Tr^Xa^) = (vr (g) 7r)(A(A„)). 

Since tt is Heisenberg multiplicative, we conclude that the coproduct and the Heisen¬ 
berg product are compatible in the space S. The compatibility of the coproduct and the 
Heisenberg product in S induces the compatibility in A. □ 

This theorem generalizes known results on (A, •, A) and (A, *, A) -see for example [ 8 ]-. 
10. Isomorphisms between the Heisenberg, convolution, and composition 

PRODUCTS 

We have mentioned until now, two kinds of relations between the three products we 
have been dealing with: one is the interpolation connection and the other the formula 
appearing in Lemma 3.3. 

In the spaces of symmetric functions there are further relations between the Heisen¬ 
berg, internal and external products. 

First we show that the external and Heisenberg products are isomorphic (in the 
commutative and non-commutative situations), but the isomorphism is not degree¬ 
preserving. 

Similarly we prove that the Heisenberg and internal products are isomorphic in the 
commutative context -degrees not preserved-, but the isomorphism is only valid in the 
completion of the space. 
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Theorem 10.1. The map xfj : (S, •, A) —)■ (S, A) given by 

m,., .(52) 

is an isomorphism of Hopf algebras (which does not preserve the gradings). 

Proof. Since the Heisenberg product has the external product as the only term in the 
upper degree, the matrix of the linear map i) in the basis of the A„’s is triangular with 
1 in the diagonal. Hence fj is invertible and it is multiplicative because the external 
product in the basis of the Aq,’s is the concatenation of the compositions. 

We hnish by proving that fj is comultiplicative: 

= (V^(8)V')A(A„-A^). (53) 

Clearly, it is enough to prove (53) on the algebra generators X(^a) for all non-negative 
integers a. For the right hand side of (53) we have: 

a-\-b=ai 

a'-\-b'=a2 

Applying the map ® and using formula (43) to compute -0(^(0,a')) = ^(a) 
and = X(iti) ff Xipi) (note that we assume '0(X(o)) to be the identity) we get 

("0 0 "0) A(A^q,j^^^ 2 ) ) ^ ^ ^ ^ ^(n—a',n—a,a+a'—n) ® ^{m—b',m—b,b+b'—m) ■ 

a-\-b=a\ n,m 
a'-\-b'=a 2 

On the other hand, taking into account that '4’{Xa) = X^ for partitions with only one 
part, the left hand side of (53) is: 

^ ^ ~ ^ ^ ^(ci,C2,C3)~ C) (55) 

k ci+Cj=fc—a2 

C2-\-C2=k—a\ 
cz-\-c'^=a\-\-a2—k 

By collecting together the terms in (54) with n + m = k and interchanging the sums, it 
is easy to see that (54) and (55) are the same expression. □ 

Corollary 10.2. The map (A,-, A) —)■ {A,)f,A) given by 

h{ai,...,ar) ^(ai) # ' ' ' # ^(a,) (56) 

is an isomorphism of Hopf algebras (which does not preserve the gradings). 

The Heisenberg and internal products are also isomorphic at the level of A. 
Theorem 10.3. The map (A, (A, *) given by 

f^f-'^h^n) (57) 

n>0 

is an isomorphism of algebras. 

Proof. This isomorphism follows from the isomorphism (4) in the category of species. 
Note that the species e corresponds to the object (Iq, li,...) in the category R, where 
In is the trivial An-module. Applying the Grothendieck group construction and then the 
Frobenius map ch, we deduce that e maps into the element Yln>o ^ 
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Remark 10.4. We give negative answers to three questions on possible extensions of 
the above results. 

(1) The isomorphism (S, •) = (S, jf) of Theorem 10.1 does not extend to an isomor¬ 
phism between (S, •) and (S, #). Indeed, in case it did extend: 

+ ■■■) = X(1) + X(1) # X(1) + X(1) # W(1) # X(1) + • • • , (58) 

each of the terms in the inhnite sum appearing in the right hand side of (58), 
contributes with a factor of degree 1 (namely, W(i)); this inhnite sum is not a 
well-dehned element of S. 

(2) The isomorphism (A, = (A, *) of Theorem 10.3 does not restrict to an isomor¬ 

phism between (A,#) and (A,*). Indeed, the element IgA maps to J2n>o^{n) 
which is in A but not in A. 

(3) A similar isomorphism to (57) cannot be established at the level of S = nn>o 
The maps 9 ? : / H- / • Y.n>o ^{n) and 'ijj : f ^ Y.n>o ^{n )' / are not isomor¬ 
phisms between (S, ^) and (S, *) because they are not not multiplicative. 

Indeed, using the rule (43) we obtain that: 

-^(3) #^(3) = ^(3) + -^(1,1,2) + ^(2,2,1) + ^(3,3)- 

Then: 

# -^(3)) = ^ ^(3,n)~ + ^ -^(l,l,2,nr + ^ ^(2,2,l,n)~ + ^ ^(3,3,71)"- (59) 

n>0 R>0 n>0 n>0 

On the other hand, computing ip{X(^ 3 )) *(p(X( 3 )) using Solomon’s rule, gives: 

V^(^(3)) * ¥^(-^(3)) = ^(3,n)'' * ^{3,my = ^(3,n)' * ^(3,^ 

n^m n 

= ^{3,n)~ + -^(2,l,l,nr + ^(1,2,2,^)“ + ^(3,3,n)~- (60) 

n>0 

We can see that (59) and (60) are different since, for example, the term 
appears in (60) but there is no term in (59) whose index is a composition start¬ 
ing with 2,1,1. A similar argument can be applied to show that is also not 
multiplicative. 

Part 3. Quasi—symmetric functions 

11. The internal and external coproduct oe quasi-symmetric functions 

In this section we consider space of quasi-symmetric functions Q, dual to the non- 
commutative symmetric functions. First, in preparation to the introduction by dualiza- 
tion a new coproduct: the Heisenberg coproduct we recall the basic dehnitions of the 
internal and external coproducts. 

In Sections 7, 8 and 9 we dealt with the following diagram: 

ECS 


A 
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and endowed the different spaces with the Heisenberg prodnct and A, the external 
coproduct. In this part we introduce other coproducts, and to avoid confusions we rename 
the external coproduct as A. (it was called simply A when considered in (48) and (21)). 
We proved the compatibility of A.) at the level of S and A. This compatibility 
is consistent with the known results about of the external (or Malvenuto-Reutenauer) 
product and the coproduct at the three levels of the above diagram, and about the 
compatibility with the internal (and Solomon) product at the levels of A and S (compare 
with Remark 9.1). 

Of the three Hopf algebras: (S, •, A.), (S, a. A.) and (A, •, A.) the second and third are 
self dual (see for example [9, 10, 11, 12, 15]). 

Hence, we can complete the picture adding the space Q that is the graded dual of S, 
and that will fit into the following commutative diagram of Hopf algebras: 


ECS 


A ^ Q 


The diagram is self dual with respect to the antidiagonal. The new maps F and tt* 
are the duals of the inclusion of S in S and of the projection of S onto A, respectively. 
The map F is described in detail in [3] and will not be used here. Note that the space 
S is a Hopf algebra with respect to the Malvenuto-Reutenauer product (as noted in 
Remark 9.1) and not with respect to the composition product. 

Next we recall the definition of Q. Let X = {xi,X 2 ,...} be an alphabet, i.e. a countable 
set, totally ordered hj Xi < X 2 < ■ ■ ■ ■ Let lk;[[X]] be the algebra of formal power series 
on X and Q = Q(X) the subspace linearly spanned by the elements 





(61) 


as CK = (oi ,... ,ar) runs over all compositions of n, for n > 0. The space Q is a graded 
subalgebra of lk[[X]] known as the algebra of quasi-symmetric functions (see [10]). It is 
clear that any symmetric function is quasi-symmetric, hence we have the inclusion of 
algebras A C Q. In [15] it is proved that this map is tt* defined above as the dual of the 
projection vr : S -» A (see Section 8). 

The algebra Q carries two coproducts A* and A. which are defined via evaluation of 
quasi-symmetric functions on alphabets. Let Y be another alphabet. We can view the 
disjoint union X-|-Y and the Cartesian product X x Y as alphabets as follows: on X-|-Y 
we keep the ordering among the variables of X and among the variables of Y, and we 
require that every variable of X precede every variable of Y. On X x Y we impose the 
reverse lexicographic order: 


{xh, Vi) < {xj, yk) means Pi < pk or {yi = yk and Xh < Xj). 

The coproducts are defined by the formulas 

A.(/(X))=/(XxY) and A. (/(X)) =/(X + Y), 

together with the identihcation Q(X, Y) = Q(X) (g) Q(X) (separation of variables). 

Consider the following pairing between the homogeneous components of degree n of Q 
and S: 

{Ma,Xy) = 5a^y. ( 62 ) 
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It is known [9, 10, 15] that this pairing identifies the product of quasi-symmetric functions 
with the coproduct (49) of S, and the coproducts A* and A. with the internal and 
external products of S. In other words, 

{f 9 ,u) = {f(^g,A{u)), {AJ,u(^v) = {f,uv), {A.f,u(^v) = {f,u-v), 

for any f,gEQ and u,v E T,. Here we set {f <S) g,u<^ v) = (/, u){g, v). 

12. The Heisenberg coproduct of quasi-symmetric functions 
L et A^ be the coproduct of Q dual to the Heisenberg product of S: 

{A#f,u^v) = (/,M#n). 

Since the Heisenberg product is a sum of terms of various degrees (32), the Heisenberg 
coproduct is a finite sum of the form 

i 

with 0 < deg(/j) and deg(//) < deg(/) < deg(/j) +deg(//). The terms corresponding to 
deg(/) = deg(/i) = deg(//) and to deg(/) = deg(/i) + deg(//) are the coproducts A*(/) 
and A.(/), respectively. 

Let 1 + X denote the alphabet X together with a new variable xq smaller than all the 
others and with the property Xq = xq for any natural k. Let 

(1 + X) X (1 + Y) - 1 

be the Cartesian product of the alphabets 1 + X and 1 + Y with reverse lexicographic 
ordering and with the variable (xq, go) removed. We can suggestively denote (1 + X) x 
(1+ Y) — 1 by X+Y+XY, although the order is given properly by the former expression. 
The following result was obtained in conversation with Arun Ram. 

Theorem 12.1. For any / G Q, 

A#(/(X)) =/(X + Y + XY). 

Proof. We have to show that, with respect to the pairing (62), 

{M,{X + Y + XY), A„ ® X^) = {M^, A„ # X 0 ) (63) 

for all 7, a and jS compositions of n, p and q, respectively. Let us fix a composition 7 of 
n and let k the length of 7. Denote the set of indices of M^(X. + Y + XY) by 

V = {((H,Ji),...,(4,jfc)) I (iiji) < ■■■ < (ikjk)}- 
Consider the set = {M G | w{M) =7} and define the map 

a,/3 

as follows: given (A, ji) < • • • < {ik,jk), let M = {fhij) be a matrix of zeros big enough 
to set = 7 ^ (as usual in these proofs, we start the indices in 0). Then, remove all 
zero rows and columns, except those with index 0; let us call M to the result. Since (0, 0) 
is not a possible index, we have ruoo = 0. Thus, M G XVf ^ where a is the composition 
obtained by adding all the rows of M but the first, and analogously with jS and the rows 
of M. 
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The map -0 is surjective, since, given some M E ^a„a, we can build a sequence of 
indices in V by reading the nonzero entries of M, say and considering the pairs 
{v,u) lexicographically ordered. Therefore, we can write 

Af,(X + Y + XY) = (xyy, 

q&i a,l3 MgAc^p q&ip~^{M) 

where {xy)'^ denotes the monomial for q = ((ii, ji),..., (4, jfc))- 

Collecting together the x’s and i/’s establishes a bijection between the terms of the last 
sum indexed over and the terms of Ma(X.)M^{Y). Indeed, take a term from this 

product, given by indices < ■ ■ ■ < ir^ jsj < • • • < js^, and build the pairs (js„, 4„) 
such that rriv^u ^ 0. We also have to consider the pairs (0,4„) and (js„,0) according to 
nonzero entries in the hrst row and column of M. Ordering these indices it is clear that 
they belong to and this is the inverse process of grouping x’s and y’s. 

Then, we can write 

M.^(X +Y + XY) = E E M„(X)iV4(Y) = ^#.A„,;3M„(X)iV4(Y). 

o,/3 «,/3 

which obviously implies the equation (63). □ 

We can express the dual of the isomorphism in Theorem 10.1 in term of alphabets in 
the full dual of E, which is Q = nn>o pairing (,) : E x Q -A k is dehned by 

(/,^) = '^{fn,gn)n 

n 

where /„ and Qn are the restrictions of / and g to the homogeneous components of degree 
n, and (, )n is the pairing dehned in (62). 

For this, given an alphabet X we dehne its exponential, e(X), by 

e(X) = X + X(2) + X(3) + ... 

where the divided power X^"'^ is the set 

X^”^ = [{xi^,Xi^, .. .,XiJ G X” I Xj, < < • • • < Xi^]. (64) 

We endow e(X) with the reverse lexicographic order. With this notations the following 
equation holds: 

e(X + Y) = (1 + e(X)) (l + e(Y)) - 1 

where the equality is considered as ordered sets. Indeed, denote by {x)k the monomial 
with 4 < • • • < 4. Then, given {x)k{y)i < {x')k'{y')i' in e(X + Y), it is 
immediate to see that either {y)i < {y')/,' or {y)i = [y')/,' and {x)k < {x')k', which is the 
dehnition of the order in the left hand side. Clearly, the same argument applies in the 
other direction. 

Theorem 12.2. The dual of the isomorphism ip from (E,-,A.) to (E,^,A.) of Theo¬ 
rem 10.1 with respect to the pairing {,), is the isomorphism fj* from (Q, •, A^) to (Q, •, A.) 
given by 


A(/) = /(e(X)), 
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Proof. We have to show that Observe that, from the dehni- 

tion of the pairing, it is enough to prove this equation for each degree. Moreover, it is 
enough to prove it for the generators of the algebra (S, •) since, for g and g' generators 

{H9-9')J) = {ij{9) ifij{.9')J) 

= {f;{g)®fj{g')J{X + Y + yiY)) 

= J2{^{9),M^)) 0^(9') J'iY)) 

i 

i 

= (9 ® 9 '. /(e(X) + e(Y) + e(X) e(Y))> 

= (9®9'./(e(X + Y))) 

= ( 9 ® 9 '.A(/(e(X)))) 

= (9-g',/(e(X))>, 

Next, we prove the duality for the set of generators for n > 0, and for / = 
where a is a composition of n. In this case we have 'ijj{Xi^n)) = X(„) and the equation 
(X(„),M„) = (X(„),M4e(X))) = a is immediately verihed. □ 

Endowed with the coproduct A#, the algebra Q is a graded connected Hopf algebra, 
in duality with the graded connected Hopf algebra (S, A). 

We hnish this Section by expressing the antipode of this Hopf algebra in terms of the 
alphabets. 

First, dehne the evaluation of quasi-symmetric functions on the the opposite of an 
alphabet X by the equation 


M„(-X) = (-ir (65) 

for any composition a = (oi,..., a^) (compare with the dehnition of in (61)). 

Next, we dehne the alphabet 

X* = X + X^ + X^ + • • • (66) 

as the disjoint union of the Cartesian powers X"" under reverse lexicographic order. For 
instance (xs,xi,^ 2 ) < (^ 2 ,^ 2 ) < (xi,X 3 ,X 2 ). 

Theorem 12.3. The antipode of the Hopf algebra of quasi-symmetric functions (Q, •, A^) 
is: 

SM) = /((-X)-). 

Proof. By Theorem 12.1, it is enough to prove that M^iX + (—X)* + X(—X)*) = 0 for 
any alphabet X and for any composition a. We ilustrate the argument for a composition 
with only one part: a = (a), the argument for a composition with several parts is 
essentially the same. 
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By selecting variables from each of the three alphabets X, (—X)*, and X(—X)*, we 
can write 

M(„,(X+(-X)* + X(-Xr) 

= X + E(-i)’' + X(-i)’' X 

r r 

It is easy to see that the hrst sum cancel with the terms with r = 1 of the second sum, 
while the remaining terms of the second sum cancel with the last sum. □ 

Part 4. Appendix 

13. The proofs 

In this Appendix we provide the postponed proofs of the technical lemmas used in the 
paper. 

13.1. Proof of Lemma 3.2. 

Proof. To dehne the bijection T ^a,/ 3 ^ start by splitting the interals [l,p] and [1, q] 
as below: 


El = [l,ai]. 


E2 = [tti + 1 , Oi + 02], 

F2 = [&1 + 1 , + ^2] 

Ek = [o-i + ■ ■ ■ + cbk-i + 

= [^1 + ■ ■ ■ + bg-i 


where a = (oi,..., a^) and {3 = (6i ,... ,bs). Given an element v = a x t E Sp x Sq we 
consider the shuffles Co(c’‘) ^ Sh(a) and C/ 3 ('r) ^ Sh(/3) characterized by the equations 

a = Ca{a)u, T = Cf}{T)v, (67) 

with u E Sa and v E Sp. To simplify the notation, we write C,a = (a(o') and 
We further split each interval Bi and Fj as below: 

B, = F'UB'', P) = JPUJP', 

such that 

Ca(^i) ^ [1,’^-?], C/3(^j) C l^,P + Q-n], 

Ca(-E'') c [n - g + l,p], C/3(^/) C [p + g - n + 1, g], 

for z = and j = 1,..., s. Observe that with these dehnitions we have the 

decomposition of the interval [1 ,?l] into 

k 

( 68 ) 

i=l 

k s 

[n - « + l,p] = LI UE") = □(«-« + Cp(q)). (69) 

i=l j=l 

s 

[p + l,n] = |J(n-g + C/3(T'')). 
i=i 


( 70 ) 
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Define the matrix M^xt of dimension (fc + 1) x (s + 1) whose entries are 


moo = 0, 

rriio = 

moj = # F-, 


rriij = # 


c„(£.") n(n-q + CMU)) 


for i = 1,..., A;, 
for j = 1,..., s, 

otherwise. 


The matrix M^-xt belongs to Assume that i 0. Since (aiE'/) C [n — q+l,p] C 

Uj=i(’^ - ? + CpiE”)), we get 


^ m,, = # E' + ^ # \ue:) n{n-q + 


3=0 


i=i 


= # b; + # [C4U') n U (« - 9 + &(B,')) 

i=i 

= #E' + 4^{UE':))=4^E, = a,. 


On the other hand, if i = 0, then, by (70), the sum of moj for j = 0,..., s, coincides 
with #[p + 1, n] = n — p. 

Next we show that the matrix M^txt does not depend on the choice of representative of 
the coset {SpXnSg)v. Let x G Sn-q, y G S'p+g_„, and z G S'„_p, so that xxyxz G SpXnSg. 
Consider the representative v' = a' x r' where 


a' = {x X y)a and r' = {y x z)t. 

Let Ca and the shuffles associate to v'. As Ca(A'') C [l,n — g], then [x x y)(^(a{El)'j = 
x{CaiE')). But we also have a:(Ca(^D) = C(^i) = C(^D U where= E' U E'' 

is the decomposition of Ei corresponding to the shuffle that satisfies CaiE^) C [1, n—g] 
and C,'a{E'l) C [n — g + l,p]. In summary, x{C,a{E'^') C ('^(El). Interchanging the roles 
of (a and Co we obtain an equality, which implies that rriio = E[ = m'g, where 

mb are the entries of the matrix M„/. This proves the equality of the first row of the 
matrices. The argument for the other rows is similar. 

The matrix My do not depend on the choice of representative of v{Sa x S'^g), since the 
shuffles satisfying (67) are the same for all the elements on this coset. In conclusion, the 
matrix My depends only on the double cosets {Sp x„ Sq)v{Sa x 5^). 

Next we show that the parabolic subgroup Sp(M^) is Sa element of Sa 

can be written as x x y x z where 

xxy = Ca(crai X • • ■ X C^aJC^ 

yxz = Cp{n, X ••• X TfeJC^b 

Evaluating at Ca(-^i) we deduce that (a<Xai{El) = x{E[) and conclude that aa^E^) = E[. 
Proceeding in a similar manner with the other decompositions we obtain 

a.,(B') = B', n,(F;) = F', (71) 

= B". n,(Fp = Fp (72) 

for alH = 1,..., A; and j = 1,..., s. 
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This decomposition can be further rehned. Evaluating as above at the subsets Xij = 
Qa{E'l) n (i3{F'), we obtain the equality 

CaCTa^{C\X,,)) = yiX,,) = Cyn^{Q\X,,)). 

Now, CaO'ai(CH-^u)) ^ Ca(^i') and also CyUjiCp^i^ij)) ^ (y^F'). From the above 
equality we conclude that Ca<Tai (C^ Cc{E-) nCyiE-), and then o-ai(CH^u)) ^ 
(~^{Xij). This inclusion is actually an equality, since both sets have the same cardinality. 
Therefore, we get the following refinment of (71) 

= El, = C‘(V«), 

% (F") = -F". n, (g'(Vj)) = 

Note that # Xij = niij, and thus the previous decomposition shows that xxyxz belongs 
to Sp(^M)- 

The map v i-A is invertible, since from the entries of the matrix My we can recover 
the shuffles (a and (y, which are in the same double coset as u. □ 

13.2. Proof of Lemma 7.5. 

Proof. As 7] and r are fixed throughout this lemma, we write ip = iprj,T- Let x,y E 
Fi n ip~^Ej with X < y. Consider 2 ; such that x < z < y. Therefore, x,y E Fi and, since 
Fi is an interval, we conclude that z E Fi. 

On the other hand <yc(x), ip{y) E Ej. Since r G 23^, then Id x r is increasing in Fp. 

(Id X t){x) < (Id X t){z) < (Id X T){y). (73) 

In order to prove that ip(z) also belongs to Ej, we consider the following cases: 

(1) Assume that j = 0. Then, ip{x),ip{y) E Eq = [p + l,u]. Since {rj x Id) is the 
identity on that interval, this implies that /3o(Id x t){x) and /3o(Id x r)(|/) are in 
\p + l,n]. But+1, r] = [n — q + l,2n—p — q] and/^o is increasing in that set. 
Therefore, the three terms in (73) belong to [n — q + l,2n — p — q\ and, applying 
ij] X Id)/So, which is increasing on this set, we obtain that ip{x) < (p(z) < (p(y). 

(2) Assume that j > 0. Consider the cases: 

(a) Assume i = 0. In this case we have x, z,y E Eq = [1, n — q]. Then, applying 
Id X rliT’g = Id we continue in the same set. The permutation sends 
increasingly [l,n — q] into [p + q — n + l,p]. In this last interval, p is also 
increasing. Thus, the inequality (73) implies that ip{x) < (p(z) < (p(y). 

(b) Assume i > 0. We have that x,y, z E Ej C [n — q + 1, n]. Applying Id x r 
we have that the terms of (73) are also in [n — q + ^,n\. If (Id x t){x) E 
[n — q + 1, 2n—p — q\, then /So(Id x t){x) E [p+1, n] and ip{x) E [p+1, n] = Eq, 
which contradicts the assumption j > 0. Therefore, the terms in (73) belong 
to [2U — p — q + l,ri\. The permutation /Sq maps increasingly this interval 
into [l,p + q — n], and p is also increasing in that image. Thus, we conclude 
that ip{x) < p}{z) < ip{y). 

In all the cases we obtain that ip{x) < ip{z) < ipiy), and since ip{x) and ipiy) belong to 
the interval Ej, we deduce that ip{z) G Ej. This proves that Fi n ip~^Ej is an interval. 

Notice that along the way we also proved that ip is increasing in the intervals Finip~^Ej 
as well as the assertions concerning the images. 
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The fact that the intervals Fi n ^~^Ej are disjoint follows immediately from the fact 
that the sets Ej, for j = 0,..., r, and the sets F^, fori = 0,..., s, are disjoint. This 
hnishes the proof. □ 

13.3. Proof of Lemma 7.6. 

Proof. For the matrix M = denote by Sjj the sum of the entries of M for 

(/c,£) < (hi) with respect to the lexicograhcal order of pairs. We dehne i?oo = [l^^oo] 

and Rij = [ske, Sij] where Sij covers Sk£. Observe that some of the intervals Rij may be 

empty. Also note that # Rij = rriij. 

The sequence (i?oo, -Roi, • • •, Rsr) is a pseudo-partition of the interval [n] and 7 G Bc(m) 
if and only if 7 is increasing in Rij for alH G {0,..., s} and j G {0,..., r}. 

Since M G and therefore, ff{Rij) = ’^j'rriij = it follows that 

Fi = \Jrkr (74) 

3 

Moreover, if 7 G Sh(p + q — n,n — q) and r G then Fj fl Pf^Ej = R^j. This can be 
seen from the fact both sets are intervals with the same cardinal and from the following 
relation: 

|^(Fj n Rij. 

3 3 

In particular, we deduce that is increasing in Rij. 

Given {^,ri,a,T) G Sa,q{M), we will show that 5 fg^^(cr, r) G ‘S>c{m)- To prove this, since 
Prj,T\Rij is increasing and {pr^^rRij ^ Ej, we observe that 

(a X Id )(7 X Id)/3o(Id x r)|^,, 

is also increasing. According to Lemma 7.5, the images of Rij under the previous per¬ 
mutation are in [l,p] or [p + where f is increasing. Therefore, left multiplying by 
f we deduce that r) is increasing in Rij, which proves that it belongs to Bc(m)- 

We prove now that is bijective. Given 7 G we show that there exists a unique 

quadruple {f,p,a,T) G Sa^p{M) such that = 7 . 

Assume there exists such a quadruple. Using the fact that Ej = IJ^ ipri,TRij, we deduce 
that 

e(<TxId)£;,= 7 (ljB„). (75) 

i 

This proves the uniqueness of the permutation x Id), in other words, it is the only 
permutation which maps Ej increasingly into the set on the right side; and this implies 
the uniqueness of f and a. Therefore, we have that (7 x Id)/3o(Id x r) = (a x Id) “^.^“^ 7 . 
Thus, 7] is characterized by the image of [l,n — q] under the permutation on the right, 
which is ? 7 [p -|- g — n -|- l,p]. The uniqueness of r follows immediately. 

Given 7 G Bc(m), to construct (^, 7 , a, r) we note that 

#(E,) = ^m„ = #(Ufl«) =#( 7 ( 17 %)). (™) 

and, thus, we can construct a permutation /i such that (75) is verihed, increasingly 
mapping Ej into 7(Ui-^u)- This permutation can be written as p = f {a x p') with 
f G Sh(p, n — p), a G Sp and p’ G S^-p. Since p is increasing on Eq = [p + l,n] we 
conclude that p' = Idn_p, and from the monotony on Ej with j > 0 we deduce that 
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a G Sq,. In the same way as before, we construct rj by mapping the interval [l,n — q] 
and for this, we will show that 

(cr X Id)is increasing in Ft for all i. ( 77 ) 

In particular, for z = 0 , we obtain the desired property to dehne rj. We then consider 
Po^iv ^ Icl)“^(cr X Id)“^7, which equals Id x r for some r G Sp. Using ( 77 ) for z > 0 we 
conclude that r G S/?; and it follows from ( 76 ) that the constructed r belongs to !B^(M). 

It remains to prove ( 77 ). Take xi, X2 G F* with xi < X2- Then, xi G Rij^ and X2 G Rij^ 
for some ji < j2- Assume that ji = j2, then 7(0:1) < 7(0:2). In this case, we have 
7(0:1) = .^(a X Id)(ei) and 7(0:2) = ^(cr x Id)(e2) with 61,62 G Ej. Since a is increasing 
in Ej we obtain that 61 < 62 as desired. 

On the other hand, if ji < j2, then 61 G Ej-^ and 62 G and the conclusion follows 
easily as all the elements of Ej^ are smaller than those of Ej^. □ 
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